Abstract. The structures with semi-rigid connections comprise systems with the connections in joints which
INTRODUCTION
At the optimum dimensioning of real structures there is a need to take into account the elasticity of joint connections, i.e. the real stiffness of the connection of a member in a joint. The systems in which the connections in joints are not absolutely rigid, but allow, in general, some relative movements in directions of generalized displacements, are so called structures with semi-rigid connections.
In the last thirty years a number of papers in the field of semi-rigid connections in steel structures has been published worldwide, and much less papers are related to the design of reinforced concrete and timber structures. A considerable number of papers in this field have been published by Kim S. Elliot and his associates from the University of Nottingham, United Kingdom [12] , [13] i [14] . In the recent years he also has done the most of researches and has published works related to the reinforced concrete structures with semi-rigid connections, especially the precast ones. [15] A large number of papers dedicated to the investigation of semi-rigid connections of steel structures have been published by Wai-Fah Chen, Eric M. Lui in well known scientific journals. They are editors of monographs and textbooks devoted to this field of research as well [19] , [20] . In our country, under the headship of M. Sekulović, the issues related to the semi-rigid connections and their behavior in bearing steel structures have been treated [16] , [17] , and [18] . R. Folic and associates have given a significant contribution in the field of reinforced concrete structures following the methodology of Dinkevic and Shapiro [21] , [22] . As for the study of timber structures with semi-rigid connections, among others, D. Stojic, D. Basic and E. Mesic have made a considerable contribution [23] , [24] , [25] .
A particular contribution to the study of semi-rigid connection problem is given by a number of theoretical and experimental researches conducted at the Civil Engineering Faculty in Niš under the direction of M. Milicevic and S. Zdravkovic and associates [1] - [9] .
General and special programs have been developed in the world for the analysis and calculation of structures covering practically all areas of stress-strain analysis of a structure. Knowledge of numerical models and algorithms is necessary for obtaining solutions suitable for the practical application of this available software. Therefore, matrix analysis, especially by use of deformation method, as the basis of most modern computer programs, is gaining in importance.
Unlike static analysis, in which the external actions and therefore all of the stressstrain values are independent of time, dynamic analysis considers external actions as functions of time. In addition to the basic parameters that are required to display the static behavior of a system, in structural dynamics the time appears as an additional parameter that significantly complicates the analysis. There are few problems in the field of dynamic analysis of real structures for which can be found analytical solutions. Therefore, numerical methods, by which the approximate solutions are obtained, have a particular significance in the dynamics of structures. Matrix formulation as a method of structural analysis, and more recently in particular finite element method (FEM), is widely used in dynamic analysis of structures in various fields of engineering structural design.
In the case of a member semi-rigidly connected at the ends, matrix formulation of the system analysis based on the variational principle opens wide possibilities for relatively fast and simple analysis of these systems using contemporary methods of calculation. Starting from a base stiffness matrix of a beam exposed to bending, stiffness matrix, equivalent load vectors and the consistent mass matrix for a semi-rigidly connected beam are derived in this paper using variational procedure. They are applied on a constructed and presented example of seismic design of a frame structure. In such a way the real behavior of a civil engineering structure during strong earthquake, or other disaster, which cause the nodal connections of the system to become slack, is considered in this paper. The proposed procedure is aimed to contribute to the improvement of the study of the semi-rigid connection problem, which has been so far mainly treated inappropriately.
MATRIX FORM OF MOTION EQUATIONS
Starting from D-Alambert's principle of dynamic balance of forces and matrix formulation of the equations of a beam motion, in the usual way, equations of motion of a system of members (structure) are formed:
where it is: M  mass matrix of the system, C  damping matrix of the system, K  stiffness matrix of the system, Q  vector of generalized forces in the joints of the system, q, q  , q   displacement, velocity, acceleration, respectively.
We solve the eigenvalue problem, that means the determinant of the system has to be equal to zero.
3. MATRIX ANALYSIS OF RIGIDLY AND SEMI-RIGIDLY CONNECTED MEMBERS Fig.1 shows a beam of length l and constant cross section, which is exposed to bending in the plane xOy in local coordinate system. Moment of inertia of the beam cross-section is denoted as I and a material modulus of elasticity is E. Convention on the positive signs of displacements and forces is shown in Fig. 1 . Based on the physical meaning of coefficients k ij , i, j = 1,...,4, which is shown in Fig. 2 it follows that the coefficients of stiffness matrix can be determined as the reactions of fixed-end beam due to generalized displacements (unit displacements and rotations of beam ends) q j =1, while all other generalized displacement are equal to zero.
On the basis of analogy, starting from the base stiffness matrix of semi-rigidly connected beam exposed to bending in the plane xOy, the physical meaning of the elements of its stiffness matrix is shown in Fig. 3 . Equations derived so far refer to the local coordinate system of the beam. For the analysis of systems of connected members, as a whole, it is necessary to define the position of each member relative to the global coordinate system, so that all values must be transformed in relation to the global system. If the equation (3), valid for any member of the system,
is written for the structure in the global coordinate system, it is obtained: 
from which it can be determined the vector of free (unbound) generalized displacements of the joints of the system (q * s ), i.e.
where T j is the transformation matrix of the member.
DETERMINATION OF THE STIFFNESS MATRIX AND THE VECTOR OF EQUIVALENT LOAD BY VARIATIONAL PROCEDURE

Interpolation functions for fixed-end beam and semi-rigidly connected beam
In the case of beam bending in plane relationship between the displacement (x) at any point of the beam axis and the displacement parameters at the beam ends can be most easily obtained starting from the homogeneous differential equation of bending:
whose general solution can be written in the form of third-degree polynomial:
The coefficients  i = 1, 2, 3, 4, are determined from boundary conditions at the ends of the beam, so that for their determination is necessary to know derivatives of deflection function (8):
Boundary, i.e. contour conditions at the ends i and k of ideally fixed-end beam are as follows:
Substituting α in u(x), we obtain:
, and it is: 
The matrix N is the matrix of interpolation functions or shape functions matrix for totally fixed-end beam. Interpolation functions given in Eq (12) are Hermite's polynomials of the first order, and their diagrams are shown in Figure 2 .
Interpolation functions N m (x) represents an elastic line of rigidly fixed-end beam due to generalized displacement q m = 1, m = 1, 2, 3, 4, while all other generalized displacements q n = 0, n  m.
Then the equivalent load vector for the beam with rigid connections in joints can be calculated, what will not be shown here.
The interpolation functions for semi-rigidly connected beam, shown in Fig.3 , are derived in the similar way as for fixed-end beam.
Based on the corresponding expressions, similar to (12), the matrix of interpolation functions for semi-rigidly connected beam can be written as: (14) Matrix N * is the matrix of interpolation functions for semi-rigidly connected beam at both ends, and it represents Hermite's polynomials of the first order, Fig.3 . Then functions of the first and second derivatives of interpolation functions for a semi-rigidly connected beam are found, which we further need to calculate the stiffness matrix.
Stiffness matrix of semi-rigidly connected beam
The stiffness matrix of a semi-rigidly connected beam is than obtained in the form: 
After completing the matrix multiplication and integration, the elements of the stiffness matrix of a semi-rigidly connected beam are obtained as follows: 
In limit case for fixed-end beam at the ends i and k it is  ik =  ki = 1.
Equivalent load vector for the beam semi-rigidly connected in joints
Vector of equivalent load is determined according to the expression (17)
related to fixed-end beam, and looks like:
Uniformly distributed load
By introducing (10) in (14) in the case that p (x) = p = const. 
Linearly distributed load
In the case of linear distributed load (21) After completing the integration, the equivalent load vector is obtained in the form of: 
Concentrated force
Analogously to the expression which refers to the fixed-end beam (without note *), in the case of the action of concentrated force P m at a distance x m from the joint i of semirigidly connected beam, the equivalent load vector can be represented as:
where N * m (x) is the matrix whose elements are ordinates of interpolation functions at the point of application of a concentrated force P m :
(24) where it is: (1) are formed, mass matrix of the system can be adopted as a consistent mass matrix or as a concentrated mass matrix.
Consistent mass matrix is symmetric and positively definite square matrix of order n, where n is the number of degrees of freedom of the member. Regarding the structure, matrix m is the same as the stiffness matrix k, and the method of its creation will be explained in what follows.
Consistent mass matrix of rigidly fixed-end beam
For a beam that is exposed to bending in the plane with displacement parameters  i , Fig. 1 , and interpolation functions in the form of Hermite's polynomials Fig. 2 , starting from the Hamilton's principle, the consistent mass matrix of a beam it is obtained:
where the elements of a consistent mass matrix are:
After entering the expression (12) into the (28), and performing multiplication and integration it is obtained: where  is density of a material.
Consistent mass matrix of semi-rigidly connected beam
Starting from the interpolation functions of semi-rigidly fixed-end beam, shown in Fig.3 , the elements of the consistent mass matrix of such beam may be derived analogously to expressions (27) and (28) in the form:
introducing (14) in (30), after the multiplication and integration, it is obtained: 
and mass matrix of the semi-rigidly fixed-end beam can be displayed in the form: This mass matrix can be incorporated into the ready-made software packages and used for dynamic and seismic analysis of structures.
EXAMPLE OF DYNAMIC CALCULATION OF A STRUCTURE WITH SEMI-RIGID CONNECTIONS
Matrix formulation as a method of structural analysis, and more recently in particular finite element method (FEM), is widely used in dynamic analysis of structures in various fields of engineering structural design.
For the frame shown in Fig. 4 for different levels of rigidity of the members in the joints (cases a) to f)) it is calculated: the circular frequencies and the periods of free horizontal oscillations of the frame, and the horizontal seismic forces, according to [10] and the maximum horizontal displacement of the frame for seismic load calculated according to the Article 16. The frame is treated as a reinforced concrete one, with cross sections defined by dimensioning of the structure according to influences due to uniformly distributed load q = 20 kN/m and concentrated force 40 kN at joint 2 ( Fig.4a) , providing that failure appears in reinforcement. The following dimensions of cross sections were obtained: members 1 and 2 are b/h=50/115 cm, member 3 is b/h=50/90 cm. Modulus of elasticity of concrete was determined according to Regulation BAB 87 and for adopted concrete MB 30 it is E = 3150x10 4 kN/m 2 , and the comparative bending stiffness of the frame (member 3) is EI = 1746937.5 kNm 2 . The weight of the structure is Q=q l=20•25 = 500kN. Circular frequency of the frame is determined according to the formula: For the numerical example shown in Fig. 4 , considering different levels of rigidity of connections in joints of the frame, discretization of the system was made, and the stiffness matrices and equivalent load vectors of members are determined, the system stiffness matrix and the vector of free members are defined as well. The components of displacement vectors and internal forces at the ends of members are computed. For different levels of rigidity of connections in the joints, shown in Fig. 4b and Table 1 , several numerical quantities are calculated and given in This example of seismic design of a system with semi-rigid connections, taking into account different levels of rigidity of connections by use of corresponding stiffness matrices, was analyzed using SASS software. Design horizontal seismic forces are calculated according to the Code [10] , i.e. total horizontal seismic force is calculated according to the formula:
The coefficients K are defined in the Code, and in this case were adopted as: K 0 = 1.0 (the first category of building); K s = 0.1 (IX degree MCS-64 scale);
47 (the second soil category). Table 2 . The maximal frame displacement (Fig. 4) for the design seismic forces determined by the Theory of elasticity, according to Article 16 of the Code, amounts u 1,5 (1) ≤ H/600, where H is the height of the building in cm.
CONCLUSION
At the optimum dimensioning of the real structures there is a need elasticity of joint connections to be taken in design, i.e. real stiffness of the connections in joints. The constructions with elastic, semi-rigid, connections are those in which the joint connections are not absolutely rigid, but allow generalized movements in all directions. It was observed that the level of rigidity is particularly important in the case of prefabricated structures, because even a small degree of fixing of prefabricated connections affects the redistribution of static and deformation influences, as well as the basic dynamic characteristics of the structure. This fact is taken into account very little, or not at all, in current engineering practice in the design of structures. If the influence of rigidity of semi-rigid connections in the design is underestimated and they are treated as pinned, this have a negative impact on construction economy. However, if unreal high level of rigidity is assumed, the results are not on the side of safety, which may adversely affect the carrying capacity, durability and structural stability.
Common European regulations, Eurocodes for construction (in particular Eurocode 3, Eurocode 4, Eurocode 8), devote due attention to the design and construction of the systems with semi-rigid connections.
In the case of the beam semi-rigidly connected at the both ends, the variational procedure, based on the stationary of functional of potential energy of the beam, and matrix formulation of the dynamic design is used. Determined elements of the interpolation function matrix (shape function matrix) are Hermite's polynomials of the first order. The stiffness matrix and equivalent load vectors are determined too.
A computer program is created for calculation of defined elements of the stiffness matrix , which enables calculation of the stiffness matrix elements for various levels of rigidity of connections, as well as software (SASS) for dynamic and seismic design according to the Code on Technical Standards for the Construction of High Rise Buildings in Seismic Areas. Available software packages for dynamic design of structures also can be adapted for the calculation of structures with semi-rigid connections by introducing corresponding matrices. Application of the software SASS on structures with semi-rigid connections is illustrated by use of numerical example. Bending moments due to dynamic (seismic) load, the basic dynamic characteristics, displacements and seismic forces are calculated in presented numerical example. The results show that there are significant differences depending on the level of rigidity of connections. This clearly indicates that the real stiffness of the connections must be properly taken into account by design and calculation of all engineering structures.
